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^ \ We prove a fluctuating limit theorem of a sequence of super-Brownian 

motions over R with a single point catalyst. The weak convergence of the 
processes on the space of Schwarz distributions is established. The limit- 
Q_| . ing process is an Ornstein-Uhlenbeck type process solving a Langevin type 

! equation driven by a one-dimensional Brownian motion. 
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o\ : 1 Introduction 

q 

In recent years, there has been growing interest in the study of branching systems in 
^ ■ singular media. Although from the viewpoint of applications some of the models can 
be artificial, they give useful insight into the behavior of more realistic systems. The 
extremely simple case of the single non-random branching catalyst described by a Dirac 
function was introduced in Dawson and Fleischmann (1994). The model has been studied 
extensively since then; see, e.g., Dawson et al. (1995), Fleischmann and Le Gall (1995) 
and Fleischmann and Xiong (2006). 

In the present paper, we study the fluctuation limits of the single point catalytic 
super-Brownian motion (SBM) with small branching. Our limit theorem shows that 
the asymptotic fluctuating behavior of the processes around the Lebesgue measure can be 
approximated by a Schwarz distribution-valued Ornstein-Uhlenbeck type process. We also 
show that the Ornstein-Uhlenbeck type process solves a Langevin type equation driven by 
a one-dimensional Brownian motion. The pathwise uniqueness for the stochastic equation 
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is established by an explicit construction of the solution. To prove the weak convergence 
of the fluctuating processes on the path space, we first give an extension of a tightness 
criterion in Ethier and Kurtz (1986). The results of this work extend those of Li (2009) 
and Li and Zhang (2006) on Dawson- Watanabe superprocesses with immigration; see 
also Bojdecki and Gorostiza (1986), Gorostiza and Li (1998) and Dawson et al. (1989) 
for some earlier results. 



2 Single point catalytic SBM 

Let C(R) be the Banach space of bounded continuous functions on R endowed with 
supremum norm || ■ ||. Write Co(R) for the space of functions in C(R) vanishing at infinity. 
Let C 2 (R) denote the space of smooth functions on R with continuous derivatives up to 
the second order belonging to C(R). We fix a constant p > 1 and let h p (x) = (1 + x 2 )~ p / 2 
for x £ R. Let C P (R) denote the set of continuous functions / £ Cq(R) satisfying 
\f\ < const ■ h p and let C P (R) + be the subset of its nonnegative elements. Let M P (R) be 
the space of cx-finite measures /lonl satisfying J R h p dfi < oo. Write (/i, /) = f R fd\i for 
/i £ M P (R) and / £ C P (R). The topology on M P (R) is defined by the convention: 

Hn -»■ n if and only if (fj, n , f) -> (/i, /} for all / £ C P (R). 

We denote the Lebesgue measure on R by A, which clearly belongs to M P (R). Let {Pt)t>o 
be the transition semigroup of the one-dimensional standard Brownian motion £ generated 
by A := A/2 and let a > be a constant. Let p(t,x,y) = p(t,y — x) denote the 
transition density of the Brownian motion. A time- homogeneous Markov process X = 
(Q, & , J^, X t ,P with state space M p (R) is called a SBM with single point catalyst at 
c £ R if it has transition semigroup (Qt)t>o given by 

/ e-MQ t (jji,dp) =exp {-(//, V t f)}, (2.1) 

JM P (R) 

where / £ C P (R) + and v(t,x) := V t f(x) is the unique positive solution of the integral 
evolution equation 

a 2 /"* 

v(t,x) = Ptf(x) p(t- s,c- x)v(s,c) 2 ds, t>0,x£R. (2.2) 

2 Jo 

The following theorems are generalizations of the results in Dawson and Fleischmann 
(1994). In particular, the existence of the single point catalytic SBM is a consequence of 
the first theorem. 

Theorem 2.1 The time-homogeneous Markov process X = (Q, J^, J^ t , X t , P M ) deter- 
mined by equation A2.2\) via the Laplace transition functional A2.1\) can he constructed on 
the space C([0, oo), M P (R)) of continuous M p {R)-valued trajectories satisfying X t ({c}) = 
for allt>0. The following expectation and covariance formulas hold: 

E,{X t J) = (fiP t J), (2.3) 
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ft 

Var M (Xi, f)=a 2 I fi(dx) I p(t-s,c- x)P s f(c) 2 ds, (2.4) 
Jr Jo 

where /i e M P (R) and / G C P (R). 

Theorem 2.2 There is a version of X such that there exists a jointly continuous random 
Geld x = {xt(z) : t > 0, z ^ c} satisfying 

X t (dz) = x t {z)dz for all t > 0, P^-a.s. 

Tie random field x has the Laplace transforms 

E M exp<^ - y~]x t (zi)6i > = exp{-(/i,u(t))}, t > 0, 0* > 0, Zi ^ c, 1 < i < k, 
^ i=i > 

where u(t,x) > solves 

k a 2 rt 

lit, x) = 0ip(t, Zi — x) / p(t — s,c — x)u{s, c) 2 ds, t > 0. 

i=i 2 ^ 



Moreover, the function f in formulas A2.3\) and Ii2.4\) can be replaced by Dirac function S z 
for any z ^ c. 

By the sample path continuity of the single point catalytic SBM, we may introduce 
the occupation time process Y = {Y t : t > 0} related to X, defined by 

(Y t ,f)= [\x s ,f)ds, feC p (R) + . 
Jo 

Of course, by the integration, Y is smoother than X, and 

y t (z) := / x s (z)ds, t > 0, z ^ c, (2.5) 
Jo 

yields a density field of Y, which is P^-a.s. jointly continuous on R + x {z ^ c}. The next 
result shows that we have a everywhere jointly continuous occupation density. 

Theorem 2.3 There is a version of X such that the density held yofY dehned by A2.5\) 
extends continuously to all ofR + x R. Moreover, 

E^exp | - yt(zi)9i\ = exp {-(//, u(t))} , t > 0, 0* > 0, Zi e R, 1 < z < k, 
^ i=i > 

where u(t,x) > solves 

k r-t a 2 rt 

u(t, x) = 9j / p(t — s, Zi — x) ds — — / p(t — s, c — x)u(s, c) 2 ds, t>0. 
i=1 Jo 2 Jo 



Moreover, for s <t and z G R the following expectation and variance formulas hold: 

Etfk(z) = / p(dx) j p(s,z-x)ds, (2.6) 



Var tfj t (z) = a 2 / p(dx) / p(s,c-x) 
7r Jo 



p(u — s,z — c)du 



ds. (2.7) 



We call yt{z) the occupation density of the single point catalytic SBM at z G R during 
the time period [0,*]. Set %(A) = {/ G C P {R) n C 2 (R) : A/ G C P (R)}. 

Theorem 2.4 For all f G ^ P (A), 

M t (f) := (X t , /) - (X , /) - / (X s , t > 0, 

Jo 

is a continuous martingale with quadratic variation process 

(M(f)) t := a 2 f 2 (c)y t (c), t > 0. 

Proof of Theorems \2.1\ We here give a simple construction of the catalytic SBM by 
summing up an infinite sequence of processes taking values of finite measures. This 
construction is also useful in deriving some properties of the catalytic SBM. For any 
p G M p (R) we can find a sequence of finite measures {pi}i>\ such that p = Mi- 
For each i > 1 let Xj = {Xi(t) : £ > 0} be a single point catalytic SBM with initial 
measure pi. We assume the sequence of processes Xi, i > 1 are defined on the same 
probability space and are independent. Then we can define a single point catalytic SBM 
X = {X(t) : t > 0} with initial measure p by 

oo 

X(t) = ^Xi(t), t>0. (2.8) 

i=l 

For n > fc > 1 it is easy to see that 



i=k 



is a continuous finite measure- valued catalytic SBM with initial state p k , n '■= ^™=fc/ i *- By 
applying Theorem 12.41 to the process X k>n {t) we have 



sup (X k>n (s), h p } 2 < 2(p k:Tl , hp} 2 + lQa 2 h 2 p (c) ( / p k ,n( dx ) / p(s,c-x)ds 
\<s<t - 1 \7m Jo 

+ 4t / I a 2 / p k ,n(dx) / p(s-u, c- x)P u Ah p (c) 2 du+ (p kjn P s , Ah p } 2 \ds. 
Jo \ Jr Jo J 

The right hand side tends to zero as k, n — > oo. This implies that {X(t) : i > 0} 
can be realized in C([0, oo), M P (R)). The moment formulas 1 12. 3ft and ( 12.4ft follow from 
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Theorems 1.2.1 and 1.2.4 in Dawson and Fleischmann (1994) and the construction (12.81) . 
□ 



Proof of Theorems \2.2\ \2.3\ and \2.4\ The existence and the characterizations of the Laplace 



transforms of the density fields x = {x t (z) : t > 0, z ^ c} and y = {yt(z) : t > 0, z G R} 
follow from the construction (12.81) of the catalytic SBM. The moment formulas can be 
derived from the Laplace transforms. The continuity properties of the fields follow from 
the three lemmas given below. The martingale problem characterization also follows from 
the construction (I2.8p . We leave the details to the reader. □ 

Now we give three lemmas which were already used in the above proof. These are 
modifications of Lemmas 2.6.2, 3.2.1 and 3.2.2 in Dawson and Fleischmann (1994). The 
proofs are similar to theirs and are omitted here. Fix / G C P (R) and set 

u e {t, x) := 6P t f(x) - v e (t, x), t>0,xeR,6>0, 

where vg(t,x) = Vt{9f)(x). We denote by u e the kth derivative of ug with respect to 9 
taken at B = 0. For T > and / G C P (R) put 

||P/|| T = sup{|P r /(c)| :0<r<T}. 

Lemma 2.5 For each k > 2 there is a constant Ck > so that the power series Ylk>2 c ^ k 
has a positive radius of convergence and that 

\uf\t,x)\ < 2 1 ^fc!c fc a 2 ( fe - 1 '||P/||^- 1 )/ 2 exp { - 

where x G R, < t < T and k > 2. 

Set Z t = Xt — XoP t . Then we have E^Zf = 0. 

Lemma 2.6 For each k > 2 there exists a constant Ck > such that 

K( z uf) k \ <C^ fe / 4 ||P/||^/^exp 

i=l ^ 

where < t < T, fj, G M P (R) and f G C P (R). 

Lemma 2.7 Let k > 1, T > and fi G M P (R). Then there exists a constant Ck(T, /i) > 
such that 

E,(Z t+h - Z u f) 2k < C k (T, (\\P(P h f - f)f T k + h k / 2 \\Pf\\ k T ) , 
where 0<t<t + h<Tandfe C P {R). 



k—l i ( i |2 ^ \ i 

2T 
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3 A tightness criterion 



A tightness criterion based on the martingale problems were given in Ethier and Kurtz 
(1986, p. 145). However, the martingales considered there have absolutely continuous 
increasing processes. In this section, we give a generalized version of the result. Although 
the proof is similar to that of Ethier and Kurtz (1986), we give it here for reader's 
convenience. 

Let E be a metric space and let (E) be the space of bounded and uniformly continu- 
ous functions on E. (Since E is an arbitrary metric space, the bounded support property 
does not make any restriction.) For each index a, let X a be a process with sample paths 
in D([0, oo), E) defined on a probability space (fi a , J^~ Q , P a ) and adapted to a filtration 
{J^""}. Let A a be an increasing process which is adapted to the filtration and 
satisfies 



lim sup E 

6^0 n 



sup \A a (r + 5) - A a (r) 

0<r<T 



0. 



(3.1) 



Let Jf a denote the Banach space of real-valued {^""}-progressive processes with norm 
= sup t>0 E[|y(t)|] < oo. Given T > and h £ Sf a , define 



\h 



o:\\p,T 



\h a (t)\ p dA a (t) 



for < p < oo and define ||/i||oo,r = esssu Po<t<T 1^(^)1- Let 

sf a = {(Y, Z) £ % a x JSf a : Y(t) - J Z{s)dA a {s) is an { J^}-martingale} 
Let Q denote the set of rational numbers. Then we have 

Theorem 3.1 Suppose that C a is a subalgebra of 0(E). Let D be the collection of 
f G 0(E) such that for every e > and T > there exist (Y a , Z a ) £ srf a with 



supE 



sup \Y a (t)-f(X a (t))\ 

. i€[0,T]n<2 



< e 



and 



supE[||Zo,||p T ] < oo for some p £ (l,oo]. 



(3.2) 



(3.3) 



If C a is contained in the closure of D (in the sup norm), then {/ o X a } is tight in 
D([0,oo),R) for each f £ C a . 

Proof. Since D is actually closed, we may assume that C a C D. Let e > and T > 0. 
For / £ C a we have (Y a , Z a ) £ &i a such that Q and O hold. Since f 2 £ C a , there 
are (Y^, Z' a ) £ s^ a such that 



supE 



sup 

_*e[o,T+i]nQ 



K(t) - f(x a (t)f 



< e 
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and 

sup E[||Z4||£/y] < oo for some p' G (l,oo]. 

a 

Let < 5 < 1. For each t G [0, T] n Q and u G [0, 5] n Q we have 



E 



(/(X a (t + M ))-/(X Q (t))) 5 



E 



/(X a (t + M )) 2 -/(X Q (t)) 
- 2f(X a (t))E\f(X a (t + it)) - f(X a (t)) 



< 2E 



sup |/(^(t)) 2 -^(*)| 
Lte[o,r+i]nQ 



+ 4||/||E 
+ E 



sup 

0<i<T 7t 



sup |/(x a (t))-y a (t)| 

te[0,T+i]n<2 
t+S 

\Z' a (s)\dA a (s 



0? 



+ 2II/IIE 



sup 

0<t<T J< 



t+5 



|z Q ( s )|dA a ( s ; 



It follows that 



E 



(f(X a (t + u))-f(X a (t))f 



^t 



< 



E[ 7 «(*)W]- 



(3.4) 



where 



7.(5) = 2 sup |/(X Q (t)) 2 -y^)|+4||/|| sup |/(x a (t))-y a (t)| 
te[o,r+i]nQ tG[o,T+i]nQ 



+ sup 

0<t<T Jt 



t+S 



^(8)1^00 + 211/11 sup 

0<t<T Jt 



t+S 



\Z a (s)\dA a (s). (3.5) 



Note that the inequality ( 13. 4D actually holds for all < £ < T and < u < 5 by the right 
continuity of X a . Let 1/p+l/q = 1 and 1/p' + l/q' = 1. By ( 13.51) and Holder's inequality 
we have 

supE[ 7a (5)] < 2(l + 2||/||) £ + 5(5,T)7supE7 \\\Z' a \\^ T+1 
+ 2 1| /|| 5(5, T)« sup E? [||Z a ||; )T+1 ] , 



where 



5(5, T) = supE 



sup |A a (t + 5) - 

0<t<T 



Then we may select £ depending on 5 in such a way that 

limsupE[7 Q (5)] = 0. 



s^o 



Therefore, {/ o X a } is tight in D([0, oo),R) by Theorem 8.6 in Ethier and Kurtz (1986, 
pp.137-138). □ 
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4 A fluctuation limit theorem 



For each integer k > 1, let {X k (t) : t > 0} be the single point catalytic super-Brownian 
motion characterized by (12.11) and (12. 2p with cr 2 /2 replaced by a 2 /2k 2 . Let {x k (z) : t > 
0, z 7^ c} and {yf (z) : i > 0, z £ R} be the corresponding density and occupation density 
fields. For simplicity, we assume Xk(0) = A, so 

E(X k (t), f) = (XP t , f) = (A, /), t > 0, / £ C P (R). 

We define a centered signed- measure- valued Markov process {Z k (t) : t > 0} by 

Z fc (t) := fc(X fc (t) - A), t > 0. 

Then E(Z fc (t), /) = for each / £ C P (R). 

Let C°°(R) be the set of bounded infinitely differentiable functions on K with bounded 



derivatives. Let ^(R) C C°°(R) denote the Schwartz space of rapidly decreasing func- 
tions. That is, a function / £ J5^(R) is infinitely differentiable and for every k > and 
every n > we have 

r/ A ' 



lim \x\ n 

|x|— >oo 



dx k 



0. 



The topology of y(M.) is defined by the increasing sequence of norms {po,pi,P2, • • • } given 
by 



P 



n(f) = ^2 SUp(l + |z 



2\n/2 



0<fc<n 



dx k 



;/(*) 



Let J^'(R) be the dual space of J^R) endowed with the strong topology. Then both 
J^(R) and ^'(R) are nuclear spaces; see, e.g., Treves (1967, p. 514 and p. 530). Thus we 
can regard {Zk(t) : t > 0} as a process taking values from J?^(R). 



Lemma 4.1 For any t > and / £ C p ( 

E[(Z fc (t),/) 2 ] = a 2 / A(tte) f p(t-s,c-x)P s f(c) 2 ds. 
Jr Jo 



we have 
ft 



(4.1) 



Proof. By Theorem 12.11 we have 

E[(Z fe (t),/) 2 ] = Var(X fc (t),A;/) = a 2 / X(dx) [ p(t - a, c - x)PJ(c) 2 ds 

Jr Jo 

Thus dHU) follows. □ 

Lemma 4.2 For any t > and / £ J^(R) we have 



supE 



k>l <-0<s<t 



sup (Z k (s),f) 2 <8a 2 f(c) 2 t 



2to~ 2 ds X(dx) / p(s — u, c — x)P u Af(c) 2 du. 
Jo Jr Jo 
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Proof. By Theorem 12.41 we have 



(X k (t),f) = (\,f) + M k (t,f) + / (X k (s),Af)ds, 

Jo 

where {M k (t, /) : t > 0} is a continuous martingale with increasing process 



<M fc (/)> t = F /(c) V (c). 



(4.2) 



It is easy to show that for any / £ ^(R), A/ £ J^(R) and (A, A/) = 0. Then we get 



(Z k (t)J) = kM k (tJ) + / (Z k (s),Af)ds. 

Jo 



(4.3) 



By Doob's inequality 
E 



sup (z k (s)jy 

0<s<t 



< 2rE 



< 8a 2 E 



sup \M k (s,f)\ 

0<s<t 

1 f{cfdy k s {c) 



+ 2E 



t \ 2n 

K^(s),^/)|ds 







+ 2t I E[(Z k (s),Af) 2 ]ds 
t 

<8a 2 f{c) 2 E[y k t {c)} + 2ta 2 [ ds [ X(dx) [ p(s - u, c - x)P u Af{c) 2 du 

^ Jo Jr Jo 

= 8a 2 f(c)H + 2ta 2 ds X(dx) / p(s - u, c - x)P u Af(c) 2 du. 
Jo Jr Jo 

That gives the desired estimate. □ 

Lemma 4.3 For any G £ C 2 (M) and f £ V P {A) we have 

G((Z k (t)J}) = [ G'((Z k (s),f))(Z k (s),Af)ds 
Jo 

+ y J*G"((Z k (s)J))f(c) 2 dy k s (c) + mart. 

Proof. By (14.21) . (14.31) and Ito's formula, it is easy to see that 

G((Z k (t),f)) = [ G'({Z k (s),f))(Z k (s),Af)ds 
Jo t 

+ £ j G"((Z k (s)J))f(c) 2 dy k s (c) + local mart. 



Since the local martingale in the above equality is actually a square-integrable martingale, 
we obtain the desired equality. □ 



Lemma 4.4 As k — > oo, {y k (c) : t > 0} converges in distribution on C([0, oo),M+) to 
{i : t > 0}. 



Proof. From the moment formula (I2.6P we have 

E[y k (c)} = j X(dx) J p(s, z - x)ds = t, t>0. 
Using (12. 7p it is not hard to show that 



(4.4) 



a 



Var[y£(z)] = p j x (dx) j p(s,c-x) 



n 2 



p(u, z — c)du 



ds. 



(4.5) 



Then y k (c) converges in probability to t for each fixed t > 0. Consequently, {yf (c) : t > 0} 
converges in finite dimensional distributions to deterministic process {t : t > 0} as k — > oo. 
Further, by similar calculations as in Dawson and Fleischmann (1994, p. 33), we can show 
that, for any T > 

E[|^ + ,(c) - y k (c)\ 2n ] < C n (T, \)h n '\ 0<t<t + h<T, 

where C n (T, A) > is a constant depending only on T, n and A. Therefore, {y k (c) : t > 
0}fc>i is tight and {y k (c) : t > 0} converges weakly to {t : t > 0} as k — > oo. □ 



Lemma 4.5 For any T > 0, 



lim sup E 

fe>i 



sup (j/* +tf (c) 

0<r<T 



Proof. For each > 1, since y k (c) is continuous in t and sup 0<r<T (y k +s (c) — 2/*(c)) is 
decreasing in 5, we have 

lim sup (yr + s(c) ~ Vri )) = 0, PA-a.s. 

M 0<r<T 

We may assume < 5 < 1, then 

sup (y k r+5 {c) -y k {c)) < y£ +1 (c), P A -a.s. 

0<r<T 

In view of (14.41) we can use Fatou's lemma to obtain 



limE 

5^0 



sup (y k r+5 {c) - y k (c)) 

0<r<T 



0. 



Observe that for each fixed T > 0, 



(4.6) 



sup \y k (c)-r\ <y k T (c)+T 

0<r<T 
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and the family {^(c) }k>i is uniformly integrable by (14.41) and (14. 5p . Then {sup 0<r<T \y k (c) 
?"|}fc>i is uniformly integrable. On the other hand, by Lemma [4.41 we have 



sup \y r (c) - r\ 

0<r<T 



in probability as k — >• oo. 



It follows that 



lim E 

k— *oo 



sup |y*(c) - r| 

0<r<T 



0. 



Then for any given e > 0, there exists K = K(e) > 1 so that when k > K, 



E 



sup \y r {c)-r\ 

0<r<T+l 



< 



Thus for k > K and < 5 < e/2 we have 



E 



sup (y k r+5 {c) - y k r (c)) 

0<r<T 



< E 

< 2E 



sup \y r+5 {c) 

0<r<T 



sup \y r {c) 

0<r<T+l 



(r + S)\ 



E 



sup \y r (c) - r 

0<r<T 



2 ~ 



By (14.61) we can choose < 5 = S (K) < e/2 so that when < 5 < 5 , 



sup E 

Kk<K 



sup {y k r+5 (c) - y k r (cj) 

0<r<T 



< e. 



(4.7) 



A combination of this and (14. 7p completes the proof. □ 

Lemma 4.6 The sequence {Z k {t) : t > 0} fc >i is tight in C([0, oo), y'(R)). 

Proof. We shall prove that for every / £ ,5?(M) the sequence {(Zf.(t), f) : t > 0} is tight 
in D([0, oo),R), so the result follows by a theorem of Mitoma (1983); see also Kallianpur 
and Xiong (1995, p.82). Let A k {t) = t + ^y k t {c). By Lemma EE2 for any G £ C°°(M) we 
have 



G((Z k (t)J})= I G'({Z k (s),f))(Z k ( S ),Af)ds 
'o 



a 



2 ft 



G"((Z k (s)J))f(c) 2 dy k (c)+ mart 



G'((Z fc ( s ),/))(Z fc ( s ),yl/)6 fe ( s ) 



+ G"((Z fe ( S ),/))/(c) 2 / ifc ( S ) 



<iy4 fc (s) + mart. 
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where bk(s) and h k (s) denote the densities of ds and ^-dy k (c) with respect to dA k {s) 
respectively. From (14.41) it is elementary to see that 



sup E 

fc>i 



G'((Z k (s)J)){Z k (s),Af)b k (s) 



G"{{Z k {s)J))f{cfh k {s) 



dAAs) 



< oo. 



By Theorem 13.11 and Lemma [4.51 we infer that {G((Z k (t), /)) : t > 0}fc>i is tight first in 
D([0,oo),R) and then in the closed subspace C([0,oo),R). By Lemma H~2l and Cheby- 
shev's inequality we have 



sup P 

fc>i 



sup \(Z k (s),f)\ > a 

0<s<t 







as a — > oo. Then {(Z k (t), f) :t> 0}fc>i satisfies the compact containment condition and 
hence it is tight by Theorem 9.1 in Ethier and Kurtz (1986, p. 142). □ 



Lemma 4.7 Let {Z (t) : t > 0} be any limit point of {Z k (t) : t > 0} in the sense of 
distributions on C([0, oo), y'(R)). Then for G 6 C°°(R) and f E J^(R) we have 

G((Z (t),f)) = [ G'((Z (s),f))(Z (s),Af)ds 



a 
~2 



2 /■* 



G"((Z (s),f))f(c) 2 ds + mart. 



Proof. By passing to a subsequence and using the Skorokhod representation, we may 
assume {Z k (t) : t > 0} and {^o(^) : ^ > 0} are defined on the same probability space 
and {Z k (t) : t > 0} converges a.s. to {Z (t) : t > 0} in the topology of C([0, oo), 
From Lemma [4.31 we have 



2 /-t 



G((Z k (t),f)) = / G'((Z fc ( S ),/))(Z fc ( S ),A/)d S +- / G"{(Z k ( S ),f))f(cYds 



2 

+ mart. 



/(c) 2 / G"'((Z fc ( S ),/))d^(c)- / G"((Z k (s)J))ds 



(4.8) 



Let = so < si < • ■ ■ < s n _i < s n = t be a partition of [0, i] so that maxi<j< n (sj — 
as n — > oo. Then we have 



E 



E 



G"((Z k (s),f))dy k s (c)- / G"((Z k (s),f))ds 

Jo 

n 

lim Y,G\{Z k { Si )J))({ y k Si {c) -y k Si _M) ~ (* " 



8=1 



< IIC'IIE 



liminf > 



i=l 



(VsM - y^c)) - ( Si - Si ^) 
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< 



< 



|G"||liminf V E 

n — ->r>n ' ^ 



8=1 



(i(c)-4(c))-( Si - S M) 



IC'llliminf^IVar^^-^W)] 



1/2 



(4.9) 



8=1 



Using (12. 7p it is not hard to show that 



< 



k 2 TT 



X(dx) / p(s, c — x) 



,Si Si— i 



i-l 
2 



1 2 



p(u — s,c — c)du 



ds 



Then the right hand side of (14.91) tends to zero as k — > oo. From (14. ip it is easy to show 
that for any / G ^(R), the sequence {{Zk(s), f)}k>i is uniformly integrable on Q x [0,£] 
relative to the product measure P(du)ds. Letting k — > oo in ( 14. 8 j) we obtain the desired 
result. □ 

Proposition 4.8 For every /x G J^'(R) there is a process {Z(t) : £ > 0} with sample 
paths in C([0, oo), J^'(R)) so tiat for G G C°°(R) and / G J^(R) we have 



(4.10) 



G((Z(t)J)) = G((pJ))+ / G'((Z(s)J)){Z(s),Af)ds 



+ 



2 /-t 



G"((Z(s)J))f(c) 2 ds + mart. 



Proof. Let {Z (t) : t > 0} be the process mentioned in Lemma 14.71 and let Z(t) 
P t fi + Z (t). Then (T4TT0]) clearly holds. □ 



Proposition 4.9 Let {Z(t) : t > 0} be a solution to the martingale problem A4.10\) with 
sample paths in C([0, oo), <5*"(R)). Tien we have the Langevin type stochastic equation 

(Z(t),f) = {fi,f)+aB(t)f(c)+ f\z(s),Af)ds, t>0,fe^(R), (4.11) 

Jo 

where {B t : t > 0} is a standard one- dimensional Brownian motion. 



Proof. By applying (14. 10p to suitable truncations of the function G(z) = z we get 

(Z(t), f) = (Z(0), f) + M t (f) + f\z(s), Af)ds, (4.12) 

Jo 

where {M t (f)} is a local martingale. By Ito's formula, 

(Z(t), f} 2 = (Z(0), f) 2 + 2 f\z(s), f) (Z(s), Af)ds + (M(f)) t + local mart. 

Jo 
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On the other hand, if we apply (I4.10p directly to suitable truncations of the function 
G(z) = z 2 , then 

(Z(t), f) 2 = (Z(0), f) 2 + 2 / (Z(s), f)(Z(s), Af)ds + a 2 f{c)H + local mart. 

Jo 

Comparing the above two equations we have 

(M(f)) t = a 2 f(c)\ t>0,fe (4.13) 

Clearly, (14.121) and (I4.13P determine a continuous orthogonal martingale measure on 
[0, oo) x R with intensity a 2 S c (x)dsdx. By El Karoui and Meleard (1990, Proposition II-l) 
we have 

M t (f) = aB t f(c), t>0,fey(R). 
for a standard one- dimensional Brownian motion {B(t) : t > 0}. □ 

Proposition 4.10 Let {Z{t) : t > 0} be a solution to the stochastic equation \A. with 
sample paths in C([0, oo), ^'(R)). Then we have a.s. 

(Z(t),f) = (fi,P t f) + (T f P t - s f(c)dB(s), t>0,fE^(R). (4.14) 

Jo 

Proof. If {Z(t) : t > 0} is a solution of fl4TT]) with sample paths in C([0,oo), ^'( M ))> 
we have 

(Z(s),Pt- a f)ds= [ (n,Pt-.f)ds + <T [ P t - 8 f(c)B(s)d8 



+ f ds f (Z(u),Pt-.Af)du 
Jo Jo ^ 

[ (fi,P t . s f)ds + a f P t _J(c)B(s)ds 
+ f du [ (Z(u),P t _ s Af)ds 

JO Ju ^ 

[ (u.,P t _J)ds + a [ P t _ s f(c)B(s)ds 
Jo f Jo 

f (Z(u),f)du+ [ (Z(u),P t _J)du. 
o Jo 



It follows that 



(Z(s),f)ds= [ (u.,P t _J)ds + a [ P t . s f(c)B(s)ds. 



o 



Consequently, we have 

[\z(s),Af)ds= [\u,P t _ s Af}ds + o- f ' P t _ s Af(c)B(s)ds 
Jo Jo Jo 
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= (fi, PJ) - (fi, f) - af(c)B(t) + a [ P t „J(c)dB(s), 

Jo 

where in the last equality we have used the formula of integration by parts. Then we use 
ffl~TT]) again to see ffl~TD holds. □ 

A combination of the above propositions shows that the Langevin type equation (14.111) 
has a pathwise unique solution and the martingale problem (14.101) is well-posed. Moreover, 
by (I4.14p it is easy to show that {Z(t) : t > 0} is a Markov process with transition 
semigroup (Qf)t>o defined by 

/ e^Qfadv) = exp U(^PJ) - ^ f PJ(c) 2 ds). (4.15) 
Jy"{R d ) I z Jo ) 

A distribution-valued Markov process with transition semigroup in this form is usually 
called an Ornstein-Uhlenbeck type process. The process {Z(t) : t > 0} describes the 
asymptotic fluctuations of the single point catalytic SBM as the branching mechanisms 
are small. More precisely, we have the following theorem. 

Theorem 4.11 As k — > oo, the process {Zk(t) : t > 0} converges weakly in C([0, oo), 
^"(R)) to the Ornstein-Uhlenbeck process {Z(t) : t > 0} with transition semigroup 
(Q c t ) t > and Z(0) = 0. 

Proof. By Lemma|M]the family {Z k {t) : t > 0} fe >i is tight in the space C([0, oo), y'(M)). 
Then the result follows from Lemma H~TI and the well-posedness of the martingale problem. 
□ 
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